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A Cosmological Model with Variable Deceleration Parameter
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Department of Mathematics, Govt. Model Science College, Rewa, India

We consider some exact solutions of Einstein fejdations (EFESs) in the background of spatially bgemeous and
totally anisotropic Bianchi type-I space-time. Td tie deterministic models, the deceleration patangeis assumed to be
a simple linear function of Hubble's parametkri.e.,q = —1 + BH (wherep is a constant), which yields scale factoas

0= e%,/zﬁukg

(wherek; is a constant). The Universe model shows a tiansftom initial decelerating phase to present

accelerating phase. It is seen that the model appes isotropy at late times. We also discussed-ftaler parameters,
which predicts that the Universe in the model oréges from Einstein’s static era £ «,s - —o0) and marches towards
ACDM model ¢ = 1,s = 0). We see that the model is in agreement with tec@smological observations.

1. Introduction

Bianchi type-l cosmological models are interesting
in the study because these models are
homogeneous and anisotropic models and provide
a better structure, both physically and
geometrically, than the isotropic FRW (Friedmann-
Robertson-Walker) models, and play a significant
role in the description of early universe. These
models (Bianchi-l) are the simplest anisotropic
models, which have been suggested to give rise to
an elliposoidality of the universe in spite of the
inflation, which is one of the promising proposals
to the solution of quadruple problem and can also
be tested by the directional dependency of the red-
shift luminosity relation of the SNe la observation
[1-3]. There is significant evidence that the
expansion of the observable universe is undergoing
a late time acceleration. [4-11]. The Universe
strikes a balance between simplicity and
complexity that cosmologists are increasingly
coming to understand. Recent observations of
supernovae and large scale distribution of galaxies
leave with the confounding discovery that the
Universe seems to be dominated by a negative-
gravity-like substance known as dark energy [12-
21], which accelerates the rate at which the
universe expands. The origin and nature of such an
accelerating field poses a completely open
guestion. Since by the 1990s, several developments
in observational cosmology, especially discovery
of the accelerating universe from distant
supernovae in 1998, and also independent evidence
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from the cosmic microwave background (CMB)
and large scale galaxy red-shift surveys have
shown that the mass energy density of the Universe
incorporates about 70 percent of dark energy,
which is poorly understood at a fundamental level.
The main required properties of dark energy are
that it dilutes more slowly than matter as the
Universe expands and that it clusters more weakly
than matter. The cosmological constant is the
simplest possible form of dark energy since it is
constant in both space and time and this leads to
the current standard model of cosmology known as
ACDM model, which provides a good fit to many
cosmological observations [22-24].

For any physically relevant model of the
Universe, Hubble parametéi and deceleration
parametel; are important observational quantities.
The present valuél, of Hubble parameter shows
the present time rate of expansion, whereas the
present value of deceleration parametgy
indicates that the expansion of current observable
Universe is speeding up rather than slowing down
as expected prior to SNe la observations. Thishint
that in a physically realistic model, the Universe
should have decelerating expansion in the early
phase of matter era to allow the formation of large
scale structures followed by late time acceleration
The solution of Einstein field equations applying
the law of the variation of Hubble paraméfer
which yields a constant deceleration parameter,
have been studied by several authors [25-29].
However, Singh [30] have proposed a form of
Hubble parameteH as a function of scale factar
in the context of spatially homogeneous and
anisotropic Bianchi type-1 space-time in such away
that the resulting deceleration parametenas the
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desired property of signature flip. Type la
supernovae (SNe la) observations and CMB
anisotropies [31-33] have predicted decelerating
expansion in the past followed by present
accelerated expansion. Now for a universe, which
has decelerating expansion in the past and an
accelerating expansion at the present time, the
deceleration parameteq must show signature
flipping, which is also one of the motivations
behind choosing a time dependent deceleration
parameter. The time dependepthas also been
studied by Pradhan et al. [34] in Bianchi type-I
cosmological models within the framework of time
dependent gravitational and cosmological constants
and observes that the time dependenceg ab
reasonable for the present universe that gives an
appropriate description of the evolution of the
Universe. In the present study, we consider the
deceleration parametey to be a suitable linear
function of Hubble's parametéf i.e.,q = 1+ fH

1 o
which vyields scale factora as a = ef 2Btk
(where andk; are constants). Consequences of
the following three cases for the decay/sferm
have been discussed.

Case IIA~H™
Case lIA~a™

Case I'A~§

(wheren andm are constants).

The phenomenological decay scenarios have
been studied by Chen and Wu [35], Carvalho et al.
[36], Schutzhold [37], Vishwakarma [38], Arbab
[39-40]. Furthermore, in order to solve
cosmological problem, a variety of models with
different decay laws for the variation df-term
have been reported during last two decades [41
52]. We organize this paper as follows: Sec. 2
contain metric and field equations, Sec. 3 involves
solutions of field equations, Sec 4. is devoted to
state-finder parameters and finally Sec. 5 gives
concluding remarks.

2. Metricand Field Equations

We consider Bianchi type-l
orthogonal form represented by

space-time in

ds? = —dt? + A%(t)dx? + B2(t)dy?
+ C2(t)dz? (0

Where,A(t), B(t) andC(t) are metric functions of
time.

The Einstein field equations for time dependent
A can be written as
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1
Rij=>Rgy = =Ty + Agij (2)

Where, R;;, R, g;; and A are Ricci tensor, Ricci
scalar, metric tensor and cosmological constant,
respectively.

Here T;; is the energy-momentum tensor for
perfect fluid given by

T;j = (p + P)viv; + pgij 3)

Where,p,p are energy and density, pressure, and
v; is the four velocity vector of the fluid given by
the equationv; v’ = —1.

The equation of state parameter which is
considered as an important quantity in describing
the dynamics of the Universe is the ratio of
pressure and energy density, is given by

_P
w=" C)

Where,0 < w < 1.
The field equations (2) for the metric in Eqgn.
(1) with matter distribution (Eqgn. (3)) yield

B C BC_ A )
B ¢ BC P
A C AC A .
A" c ac" P (6)
A B AB A ;
A B ap P 7)
AB BC AC_ .
4B "BCTac_ P (®)
Eqgns. (5)-(7), yield
A B a3 ©)
B ¢k ,
B C @ (10)

Where,k, andk, are constants of integration.
We define average scale factor for Bianchi
type-l space time as

a = (ABC)3 (11)

From Eqgns. (9)-(11), we obtain
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2k, + k, (dt

A =m,aexp {TIE} (12)
kz - kl dt

B =mya exp{ 3 fﬁ} (13)
—(ky + 2k dt

C = mzaexp {%f;} (14)

Where,m;, m, andms are arbitrary constants of
integration such thah;m,m; = 1.

We define Hubble’'s parametHr, expansion
scalarg, shear scalas, and deceleration parameter
q as

H=- (15)

9 =3H=3- (16)
2_1 ij

0% =500 a7
_ RR _d (1) ) 18

1= "%z " ar\n (18)

Egns. (5)-(8) can be rewritten in termsifo and
q as

p—A=2H%*Q2q - 1) — o2 (19)

p+A=3H*-¢g? (20)

3. Solutionsof Field Equations

Egns. (5)-(8) constitute a system of four equations
in six unknownsd4, B, C, p, p, andA. Now to get the

determinate solutions, we require two more
conditions. Since for an expanding model of the

Universe consistent with observations, one needs a
specific deceleration parameter such that the model

starts with decelerating expansion followed by late
time acceleration.

So firstly we assume that the deceleration
parameterg is a simple linear function of Hubble
parametel, that is

q=-1+pH (21)
Which, yields
1
a= eF/ZBt+k3 (22)

Where, andk, are constants.
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From Eqgns. (12)-(14) and (22), we find

157 2k, + k dt
A =m,ef 2Bt+k3exp{ L Zf 3 }

3 eﬁ,/zﬁt+k3
(23)
1y k,—k dt
B = m,eB 2heths exp {—= 1[ =
3 oBV2Btrks
(24)

1 —(k, + 2k dt
o m3e‘8‘/zﬁt+k3 exp (k4 z)f i
3 BV 2P
(25)

From Eqns. (15)-(18) and Eqn. (22), Hubble
parameterH, expansion scalaf, shear scalas,
and deceleration parametgcan be obtained as

1
i 2Bt + ks (26)
o=—> (27)

2Bt + ks

k
o= (28)
JFeR s
= b (29)

— L
J2Bt + ks

The anisotropy parametdr for the model is given
by

20%  2k*(2Bt + k)

A==
3HZ 9 egm

(30)

Now, we discuss various cases resulting from
different decay laws for the value &f

Case I
We consider
A = k,H" (31)
Wherek, andn are constants.
From Eqns. (26) and (31), we obtain
k
A= 4 (32)

@Bt +ky)?
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The isotropic pressurg and energy density, in
view of Eqgns. (19), (20) and (31), take the form as

4p 6 K
p= 37 G
@pe+iyz PHs gl
ky
+—F (33)
(2Bt + k3)2
3 K ke
p= - -
2Brks 5 B (2Bt 4+ ky)?

(34)

The density parameters for matter and vacuum
(Q,,, Q4) are given by

P k2(2pt + k3) ko (2Bt + k3)

3H2 96%1/2‘8154"(3 3(2ﬁt + kS)%
(35)
A k,(2Bt + k
Q=—= M (36)

3H: (2Bt + ky)?

Eqgns. (36) and (37) give the total density paramete
(Q) as

k2(2Bt + k3)

Q=0n+Q=1-——
meA 0 3PP

37)

We note that the initial time of the Universe in
the model ist = —;‘—; =t' (ks = 0,8 > 0), which
can be shifted ta = 0 by settingk; = 0. At this
time, radius scale factaris constant, which means

that the Universe in the model is free from initial
singularity. Also Hubble’'s parametét, expansion

4B (28t + k3)_73 - 3Bt + ky)™t —
+
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scalarg, isotropic pressurg and energy density
all are infinite at the initial timét = t"), whereas
the shear scalar is constant. Now as increases
scale factora also increases while the physical
parametergl, 6, p, p,o all decrease and in the limit
of larget, scale factora becomes infinitely large
but the parameterH,8,p,p,c converge to zero.
This shows that the Universe in model starts from a
non-singular state and expands exponentially with
cosmic timet. We also see that the cosmological
density A is infinite at the initial timet = t’ and
A—-0 ast—- . This is in agreement recent
astronomical observations. We also notice that the
deceleration parameteris positive fort < %,
the decelerating phase of
B?—kq
2B
predicts the accelerating phase of expansion of the
Universe in the present model. Howevert as oo,
q = —1. This shows that the Universe in the model
has transition from earlier decelerating phasdn¢o t
present accelerating phase and shows the largest
value of deceleration parametgthence the fastest
rate at which the Universe is undergoing expansion
for larget. This future scenario of the Universe is
also shown by the authors [53-54] and is in
agreement with recent cosmological observations.
From Egn. (30), we see that the anisotropy
parameter converges to zero agends to infinite.
Therefore, the model approaches isotropy for large
t. Equation (37) signifies that g@s— oo, the term

k2 (2Bt+ks3)
—9e%m (8 > 0), approaches to zero hence

Q — 1, which is favored by recent observations till
date.
The equation of state parameiers given by

which indicates

expansion and; is negative fort > , Which

%kze%‘lzﬁt+k3

From Eqgn. (38), we see that the equation of
state parameterw is time dependent. Recent
observational data limits the state parameter as
—1.67<w < —0.62 (SNe la data) while a
combination of data from observations of SNe la,
CMB anisotropy and galaxy clustering statistics
gives the limit onw as—1.33 < w < —0.72 [55-

56]. In our model one can obtain the valueuwof
consistent with recent observations. As a matter of
fact, if w would be equal to -1 (standafrdCDM
cosmology), a little bit upper than -1 (the

2 =6 _
3(2Bt + k3)~1 — %e pYRPths 4 OBt + k)2

(38)

quintessence dark energy), less than -1 (phantom
dark energy).

Case ll:
Here we consider

A=ksa™ (39)

Where, ks andm are constants.
From Eqgns. (22) and (39), we obtain
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A= kse%m (40) zero ast tend§ to infinite vqlue, Which shows_ that

the Universe in the model isotropic for late times.
Also, equation (45) shows that for late times (as
t - o), the total density paramet& approaches
to 1, which agrees with recent observations.

For this, Egns. (19), (20) and (40) give

-3
p =482t + k3)Z — 62t + k3)" From Eqn. (4), the equation of state parameter
_ k_ze%G 2Bt+ks w in this case can be determined as
-m
+kge B VP (41) w=-1

=3 o
4B(2Bt + k3)Z —3(2Bt + k)t — %kze F2BtHks
+
2 28 ptik; -m
3(2Bt + ky)t — %e B 2Bt+ks kee P V2Bt+ks

k2 =6
p=3(2Bt+ky) T —eP V2Bt

-m
+ kge B VPP (42) (46)
Matter density parametef),, and vacuum This shows that the state parameteris time
density paramete, takes the form as dependent and its value lies in the rafgé.67 <
w < —0.62).
k? =6 .
Q= 1—— (2Bt + ky)e B VFHe Case IlI:
9 . Lastly, we consider
5
——(2pt
3 (_ f d
b ) FVPF (43) A= ke (47)

_ ks I [2Bt+ks Where,k, is an arbitrary constant.
=73 @Bt +ks) £ (44) From Egns. (22) and (47), one can have

In addition Eqns. (43) and (44) lead to 1 B

- 3
20t + k4 (2Bt + ks)2

A=k (48)

2 -6
Q=1- %(Zﬁt + ke PV (45
Egns. (19), (20) and (48) give
In this case also, we see that the model has no
initial singularity as the radius scale factois not _ 46K
zero at the initial timet =t’. The parameters p= 2Bt + k )% 2Pt + ks %m
H,8,p,p all are infinite whereag is constant at 3 3e
the initial timet = t'. However in the limit of large +kg - p
t, scale factomm becomes infinitely large whereas 2Bt + ks (p 4 k3)%
the other parametei, 6, p, p ando drop to zero.
This shows that the present model also starts &om 3 k2
singularity free state and continues to inflaté til p= T —
late times(t — o). This scenario of the Universe 2Pt + ks 3RV 2PtHks
is in agreement with recent astronomical 1 B
observations. The cosmological teanis a genuine 28t + ks 2Bt + k3)%
(50)

(49)

_kﬁ

constant att =t’ while A—-0 ast tends to
infinite, which is also observed by the researchers
[57-58]. Here also, for some suitable epochs, one
can obtain the decelerating and accelerating phases
of expansion from the value of deceleration
parameter;. We also observe the largest valugy of 2 P
and the fastest rate of expansion for late epochs. O, =1——Q2pt +ky)eh" 2Bttks
The same is in agreement with recent theoretical 9 1 8
_ k6[

For this, the density parameter$),(Q,) are
obtained as

and experimental observations. Thus our model fits Z_
well within the limits of recent observations. We 3 (2Bt + k3)%
also see that anisotropy parameteapproaches to

D
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1 B
QA:k6[__—3

. (52)
(2Bt +ks)?

Adding equations (51) and (52), we obtain the total
density parametgi() as

_ k2Bt + k3)

Q=1--2
9eF/2/3’t+k3

(53)

Here, we observe that this case also presents the
description of the Universe, which starts from a
non-singular state and expands till late timesleSca
factor a is constant while the parametéisé, p, p

all are infinite at the initial time = t'. The shear
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scalaro is constant at = t'. For infinitely larget,
scale factom becomes infinitely large whereas the
parametersH,0,p,p and ¢ vanish. Also, the
cosmological termA is infinite at the initial time
while A - 0 ast — o, which agrees with many
observations in cosmology. The value of
deceleration parameter shows a transition from
initial decelerating to present accelerating phase
and gives the fastest rate at which the Universe is
expanding for large times. This is the future
scenario as is observed by many noted authors. We
also see that the Universe approaches isotropy for
larget becausel - 0 ast — o.

The equation of state parameteris obtained
as

4B(2Ft + k3)2 —3(2Bt +k3)"t — %kze 7V 2Bttks

w=-1+

2 =6
3(2Bt + ley) — e BT |t

This signifies thatv depends on the cosmic time
and its value lies in the recent obsevational Bmit

Also, from equation (53), we note tHat- 1 as
This is in agreement with recent
astronomical observations.

t > co.

4. State-finder Parameters{r, s}

State-finder parametersr{s} play a significant
role to describe the dynamics of the Universe in
modern cosmological models. The dimensionless
state-finder paifr, s} is introduced by Sahni et al.
[59] and Alam et al. [60] and provides a perfect
diagnosis of how much a dark energy model is
close toACDM dynamics. In recent times, state-
finder parameters are frequently discussed for they
provide a better idea about the geometry and
become a powerful tool to distinguish between the
dark energy models. The state-finder fairs} is
defined as

= a —1+3H+H 55
T anz T H'Hs (55)
and
r—1
s=— (56)

3(a-3)

For a ACDM model, state-finder parameters
have the valugr,s}={1,0} . For Einstein era we
have{r, s}={co, —0}.

(54)

- 3
20t + ks 2Bt + k)2

Now Egns. (26), (29), (55) and (56) result into

36(1—-P)
© 2Bt +ks G7)
And
38(1—p) 58)

T (2Bt +1a)[38 - 3Y2Bt + k3

We observe that as— t', {r,s} -» {0, —0} and
ast - oo, {r,s} - {1,0}, which depicts that the
Universe in the model starts from Einstein static
era and goes taCDM model. This is in agreement
with recent observations [61] and makes our model
observationally acceptable.

5. Concluding Remarks

In the present paper, spatially homogeneous and
totally anisotropic Bianchi type-l space-time is
considered. We examined a cosmological scenario
proposing a variation law in which the deceleration
parameterq is assumed to be a simple linear
function of Hubble’'s parametdi i.e.,q = -1+

1 =5
BH, which yields scale factar asa = ef 2htks
(wherep, k5 are constants). A class of solutions to
Einstein field equations have been obtained by
taking three phenomenological laws for the decay
of cosmological termA as A~H"™, A~a™™ and

A~§ (wheren, m are arbitrary constants). We have
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obtained cosmological models in which the
Universe starts from a non-singular state and
expands exponentially with cosmic tinetill late
times. The deceleration paramegein the model is
found to be time-dependent. It is seen thahows

a transition from initial decelerating phase to the
present accelerating phase of expansion and
supplies the largest value and the fastest rate at
which the universe is expanding. Same is also
observed by the researchers [62-63]. The
cosmological term\ approaches to zero adends

to infinite also shown by recent observations [64-
65]. We also observe that the equation of state
parameteww is a function of cosmic time and its
value in the model lies in the present observationa
limits. The anisotropy parametel converges to
zero ast tends to infinite, which signifies that the
Universe model attains isotropy for largeWe
also note that total density parame@erapproaches

to 1 ast goes to infinity. This is consistent with
recent theoretical and experimental observations
[66-69]. Finally, we noticed from the state-finder
parameters that the model universe starts from
Einstein static ergr —» o,s - —) and goes to
ACDM model(r - 1,s — 0) [70]. Thus our model

is in  harmony with recent cosmological
observations.
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