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We consider some exact solutions of Einstein field equations (EFEs) in the background of spatially homogeneous and 
totally anisotropic Bianchi type-I space-time. To get the deterministic models, the deceleration parameter � is assumed to be 
a simple linear function of Hubble’s parameter �  i.e., � = −1 + �� (where � is a constant), which yields scale factor � as 

� = 	 
��
����� (where �� is a constant). The Universe model shows a transition from initial decelerating phase to present 
accelerating phase. It is seen that the model approaches isotropy at late times. We also discussed state-finder parameters, 
which predicts that the Universe in the model originates from Einstein’s static era (� → ∞, � → −∞) and marches towards 
ΛCDM model (� = 1, � = 0). We see that the model is in agreement with recent cosmological observations. 
 
 
 

1.     Introduction 

Bianchi type-I cosmological models are interesting 
in the study because these models are 
homogeneous and anisotropic models and provide 
a better structure, both physically and 
geometrically, than the isotropic FRW (Friedmann-
Robertson-Walker) models, and play a significant 
role in the description of early universe. These 
models (Bianchi-I) are the simplest anisotropic 
models, which have been suggested to give rise to 
an elliposoidality of the universe in spite of the 
inflation, which is one of the promising proposals 
to the solution of quadruple problem and can also 
be tested by the directional dependency of the red-
shift luminosity relation of the SNe Ia observations 
[1-3]. There is significant evidence that the 
expansion of the observable universe is undergoing 
a late time acceleration. [4-11]. The Universe 
strikes a balance between simplicity and 
complexity that cosmologists are increasingly 
coming to understand. Recent observations of 
supernovae and large scale distribution of galaxies 
leave with the confounding discovery that the 
Universe seems to be dominated by a negative-
gravity-like substance known as dark energy [12-
21], which accelerates the rate at which the 
universe expands. The origin and nature of such an 
accelerating field poses a completely open 
question. Since by the 1990s, several developments 
in observational cosmology, especially discovery 
of the accelerating universe from distant 
supernovae in 1998, and also independent evidence  
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from the cosmic microwave background (CMB) 
and large scale galaxy red-shift surveys have 
shown that the mass energy density of the Universe 
incorporates about 70 percent of dark energy, 
which is poorly understood at a fundamental level. 
The main required properties of dark energy are 
that it dilutes more slowly than matter as the 
Universe expands and that it clusters more weakly 
than matter. The cosmological constant is the 
simplest possible form of dark energy since it is 
constant in both space and time and this leads to 
the current standard model of cosmology known as 
ΛCDM model, which provides a good fit to many 
cosmological observations [22-24].  

For any physically relevant model of the 
Universe, Hubble parameter � and deceleration 
parameter � are important observational quantities. 
The present value �� of Hubble parameter shows 
the present time rate of expansion, whereas the 
present value of deceleration parameter �� 
indicates that the expansion of current observable 
Universe is speeding up rather than slowing down 
as expected prior to SNe Ia observations. This hints 
that in a physically realistic model, the Universe 
should have decelerating expansion in the early 
phase of matter era to allow the formation of large 
scale structures followed by late time acceleration. 
The solution of Einstein field equations applying 
the law of the variation of Hubble parameter�, 
which yields a constant deceleration parameter, 
have been studied by several authors [25-29]. 
However, Singh [30] have proposed a form of 
Hubble parameter � as a function of scale factor � 
in the context of spatially homogeneous and 
anisotropic Bianchi type-I space-time in such away 
that the resulting deceleration parameter � has the 
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desired property of signature flip. Type Ia 
supernovae (SNe Ia) observations and CMB 
anisotropies [31-33] have predicted decelerating 
expansion in the past followed by present 
accelerated expansion. Now for a universe, which 
has decelerating expansion in the past and an 
accelerating expansion at the present time, the 
deceleration parameter � must show signature 
flipping, which is also one of the motivations 
behind choosing a time dependent deceleration 
parameter. The time dependent � has also been 
studied by Pradhan et al. [34] in Bianchi type-I 
cosmological models within the framework of time 
dependent gravitational and cosmological constants 
and observes that the time dependence of � is 
reasonable for the present universe that gives an 
appropriate description of the evolution of the 
Universe. In the present study, we consider the 
deceleration parameter � to be a suitable linear 
function of Hubble’s parameter � i.e., � = 1 + �� 

which yields scale factor � as � = 	
��
����� 
(where � and �� are constants). Consequences of 
the following three cases for the decay of Λ-term 
have been discussed. 

Case I: Λ~�� 

Case I: Λ~��� 

Case I: Λ~  !
  

(where " and # are constants). 
The phenomenological Λ decay scenarios have 

been studied by Chen and Wu [35], Carvalho et al. 
[36], Schutzhold [37], Vishwakarma [38], Arbab 
[39-40]. Furthermore, in order to solve 
cosmological problem, a variety of models with 
different decay laws for the variation of Λ-term 
have been reported during last two decades [41-
52]. We organize this paper as follows: Sec. 2 
contain metric and field equations, Sec. 3 involves 
solutions of field equations, Sec 4. is devoted to 
state-finder parameters and finally Sec. 5 gives 
concluding remarks. 

2.     Metric and Field Equations 

We consider Bianchi type-I space-time in 
orthogonal form represented by 
 																%�
 = −%&
 + '
(&)%*
 + +
(&)%,
+ -
(&)%.
																																	(1) 
 
Where, '(&), +(&) and -(&) are metric functions of 
time. 

The Einstein field equations for time dependent Λ can be written as 

/01 − 12/301 = −401 + 5301 																(2) 
 
Where, /01, /, 301 and 5 are Ricci tensor, Ricci 
scalar, metric tensor and cosmological constant, 
respectively. 

Here 401 is the energy-momentum tensor for 
perfect fluid given by 
 	401 = (6 + 7)8081 + 7301 																			(3) 
 
Where, 6, 7 are energy and density, pressure, and 80 is the four velocity vector of the fluid given by 
the equation: 8080 = −1. 

The equation of state parameter :, which is 
considered as an important quantity in describing 
the dynamics of the Universe is the ratio of 
pressure 7 and energy density 6, is given by 

 

	: = 76																																			(4) 
 
Where, 0 ≤ : ≤ 1. 

The field equations (2) for the metric in Eqn. 
(1) with matter distribution (Eqn. (3)) yield 
 

−+!+ − -!- − += -=+- = 7 − Λ																										(5) 
 

	− '!' − -!- − '=-='- = 7 − Λ																										(6) 
 

			− '!' − +!+ − '=+='+ = 7 − Λ																										(7) 
 

	'=+='+ + += -=+- + '=-='- = 6 + Λ																							(8) 
 
Eqns. (5)-(7), yield 
 

	'=' − +=+ = �B�� 																																	(9) 
 

	+=+ − -=- = �
�� 																														(10) 
 
Where, �B and �
 are constants of integration. 

We define average scale factor for Bianchi 
type-I space time as 
 

	� = ('+-)B�																													(11) 
 

From Eqns. (9)-(11), we obtain 
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' = #B�		*7 D2�B + �
3 E%&��F															(12) 
 

	+ = #
�		*7 D�
 − �B3 E%&��F																		(13) 
 

- = #��		*7 D−(�B + 2�
)3 E%&��F									(14) 
 
Where, #B, #
 and #� are arbitrary constants of 
integration such that #B#
#� = 1. 

We define Hubble’s parameter	�, expansion 
scalar	G, shear scalar H, and deceleration parameter � as 
 

	� = �=� 																																																				(15) 
 

G = 3� = 3�=� 																																						(16) 
 

	H
 = 12H01H01 																																								(17) 
 

	� = −//!/= 
 =
%%& I1�J − 1																				(18) 

 
Eqns. (5)-(8) can be rewritten in terms of �, H and � as 
 	7 − Λ = 2�
(2� − 1) − H
																		(19) 
 	6 + Λ = 3�
 − H
																										(20) 

3.     Solutions of Field Equations 

Eqns. (5)-(8) constitute a system of four equations 
in six unknowns ', +, -, 7, 6,	and	Λ. Now to get the 
determinate solutions, we require two more 
conditions. Since for an expanding model of the 
Universe consistent with observations, one needs a 
specific deceleration parameter such that the model 
starts with decelerating expansion followed by late 
time acceleration.  

So firstly we assume that the deceleration 
parameter � is a simple linear function of Hubble 
parameter�, that is 
 � = −1 + ��																													(21) 
 
Which, yields 
 

� = 	B��
�����																											(22) 
 
Where, � and �� are constants. 

From Eqns. (12)-(14) and (22), we find 
 

' = #B	B��
����� 		*7 K2�B + �
3 E %&
	���
�����L		 

(23) 
 

+ = #
	B��
����� 		*7 K�
 − �B3 E %&
	���
�����L					 

(24) 
 

- = #�	B��
�����		*7 K−(�B + 2�
)3 E %&
	���
�����L	 

(25) 
 

From Eqns. (15)-(18) and Eqn. (22), Hubble 
parameter �, expansion scalar G, shear scalar σ, 
and deceleration parameter � can be obtained as 
 

� = 1
�2�& + �� 																													(26) 

 

G = 3
�2�& + �� 																													(27) 

 

H = �
√3	���
����� 																									(28) 

 

� = �
�2�& + �� − 1																						(29) 

 
The anisotropy parameter '̅ for the model is given 
by 
 

	'̅ = 23 H



�
 = 29�

(2�& + ��)
	O��
����� 															(30) 

 
Now, we discuss various cases resulting from 

different decay laws for the value of Λ. 

Case I: 
We consider 
 Λ = �P��																															(31) 
 
Where �P and " are constants. 

From Eqns. (26) and (31), we obtain 
 

		Λ = �P
(2�& + ��)�
 																							(32) 
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The isotropic pressure 7 and energy density 6, in 
view of Eqns. (19), (20) and (31), take the form as 
 

7 = 4�
(2�& + ��)�
 −

62�& + �� −
�


3	O��
�����
+ �P
(2�& + ��)�
 																							(33) 

 

	6 = 32�& + �� −
�


3	O��
����� −
�P

(2�& + ��)�
  

(34) 
 
The density parameters for matter and vacuum 
(Ω�, ΩR) are given by 
 

	Ω� = 63�
 = 1 − �
(2�& + ��)
9	O��
����� − �P(2�& + ��)

3(2�& + ��)�
 		 
(35) 

 

ΩR = Λ3�
 = �P(2�& + ��)
(2�& + ��)�
 															(36) 

 
Eqns. (36) and (37) give the total density parameter 
(Ω) as 
 

Ω = Ω� + ΩR = 1 − �
(2�& + ��)
9	O��
����� 						(37) 

 
We note that the initial time of the Universe in 

the model is & = − ��
� = &S (�� ≥ 0, � > 0), which 

can be shifted to & = 0 by setting �� = 0. At this 
time, radius scale factor � is constant, which means 
that the Universe in the model is free from initial 
singularity. Also Hubble’s parameter �, expansion 

scalar G, isotropic pressure 7 and energy density 6 
all are infinite at the initial time (& = &S), whereas 
the shear scalar H is constant. Now as & increases 
scale factor � also increases while the physical 
parameters �, G, 7, 6, H	 all decrease and in the limit 
of large &, scale factor � becomes infinitely large 
but the parameters �, G, 7, 6, H	 converge to zero. 
This shows that the Universe in model starts from a 
non-singular state and expands exponentially with 
cosmic time &. We also see that the cosmological 
density Λ is infinite at the initial time & = &S and Λ → 0 as & → ∞. This is in agreement recent 
astronomical observations. We also notice that the 

deceleration parameter � is positive for & < �X��

� , 

which indicates the decelerating phase of 

expansion and � is negative for & > �X��

� , which 

predicts the accelerating phase of expansion of the 
Universe in the present model. However, as & → ∞, � = −1. This shows that the Universe in the model 
has transition from earlier decelerating phase to the 
present accelerating phase and shows the largest 
value of deceleration parameter � hence the fastest 
rate at which the Universe is undergoing expansion 
for large &. This future scenario of the Universe is 
also shown by the authors [53-54] and is in 
agreement with recent cosmological observations.  

From Eqn. (30), we see that the anisotropy 
parameter '̅ converges to zero as & tends to infinite. 
Therefore, the model approaches isotropy for large 
t. Equation (37) signifies that as & → ∞, the term  �X(
�����)
YZ[��X�\]^�

 (� > 0), approaches to zero hence 

Ω → 1, which is favored by recent observations till 
date.  

The equation of state parameter : is given by 

 

: = −1 + 4�(2�& + ��)��
 − 3(2�& + ��)�B − 23�
	
�O� �
�����

3(2�& + ��)�B − �
3 	�O� �
����� − �P(2�& + ��)��

																																						(38) 

 
From Eqn. (38), we see that the equation of 

state parameter : is time dependent. Recent 
observational data limits the state parameter as −1.67 < : < −0.62 (SNe Ia data) while a 
combination of data from observations of SNe Ia, 
CMB anisotropy and galaxy clustering statistics 
gives the limit on : as −1.33 < : < −0.72 [55-
56]. In our model one can obtain the value of : 
consistent with recent observations. As a matter of 
fact, if : would be equal to -1 (standard ΛCDM 
cosmology), a little bit upper than -1 (the 

quintessence dark energy), less than -1 (phantom 
dark energy). 

Case II: 
Here we consider 
 	Λ = �`���																													(39) 
 
Where, �` and # are constants. 

From Eqns. (22) and (39), we obtain 
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Λ = �`	��� �
����� 																					(40) 
 
For this, Eqns. (19), (20) and (40) give 
 

7 = 4�(2�& + ��)��
 − 6(2�& + ��)�B
− �
3 	�O� �
�����

+ �`	��� �
����� 																				(41) 
 

6 = 3(2�& + ��)�B − �
3 	�O� �
�����

+ �`	��� �
����� 																				(42) 
 

Matter density parameter Ω� and vacuum 
density parameter ΩR takes the form as 
 

Ω� = 1 − �
9 (2�& + ��)	�O� �
�����

− �`3 (2�&
+ ��)��� �
����� 																						(43) 

 

	ΩR = �`3 (2�& + ��)��� �
����� 											(44) 
 
In addition Eqns. (43) and (44) lead to 
 

Ω = 1 − �
9 (2�& + ��)	�O� �
�����							(45) 
 

In this case also, we see that the model has no 
initial singularity as the radius scale factor � is not 
zero at the initial time & = &S. The parameters �, G, 7, 6 all are infinite whereas H is constant at 
the initial time & = &S. However in the limit of large &, scale factor � becomes infinitely large whereas 
the other parameters �, G, 7, 6 and H drop to zero. 
This shows that the present model also starts from a 
singularity free state and continues to inflate till 
late times (& → ∞). This scenario of the Universe 
is in agreement with recent astronomical 
observations. The cosmological term Λ is a genuine 
constant at & = &S while Λ → 0 as & tends to 
infinite, which is also observed by the researchers 
[57-58]. Here also, for some suitable epochs, one 
can obtain the decelerating and accelerating phases 
of expansion from the value of deceleration 
parameter �. We also observe the largest value of � 
and the fastest rate of expansion for late epochs. 
The same is in agreement with recent theoretical 
and experimental observations. Thus our model fits 
well within the limits of recent observations. We 
also see that anisotropy parameter '̅ approaches to 

zero as & tends to infinite value, which shows that 
the Universe in the model isotropic for late times. 
Also, equation (45) shows that for late times (as & → ∞), the total density parameter Ω approaches 
to 1, which agrees with recent observations. 

From Eqn. (4), the equation of state parameter : in this case can be determined as 
 : = −1 

+4�(2�& + ��)��
 − 3(2�& + ��)�B − 23�
	
�O� �
�����

3(2�& + ��)�B − �
3 	�O� �
����� − �`	��� �
�����  

(46) 
 
This shows that the state parameter : is time 
dependent and its value lies in the range (−1.67 <: < −0.62 ).  

Case III: 
Lastly, we consider 
 

	Λ = �O �!� 																															(47) 
 
Where, �O is an arbitrary constant. 

From Eqns. (22) and (47), one can have 
 

Λ = �O a 12�& + �� −
�

(2�& + ��)�
b						(48) 
 
Eqns. (19), (20) and (48) give 
 

	7 = 4�
(2�& + ��)�
 −

62�& + �� −
�


3	O��
����� 
															+�O a 12�& + �� −

�
(2�& + ��)�
b												(49) 

 

6 = 32�& + �� −
�


3	O��
�����
− �O a 12�& + �� 	−

�
(2�& + ��)�
b 

(50) 
 
For this, the density parameters (Ω� , ΩR) are 
obtained as 
 

	Ω� = 1 − �
9 (2�& + ��)	�O� �
�����

− �O a13 − �
(2�& + ��)�
b					(51) 
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ΩR = �O a13 − �
(2�& + ��)�
b										(52) 

 
Adding equations (51) and (52), we obtain the total 
density parameter (Ω) as 
 

	Ω = 1 − �
(2�& + ��)
9	O��
����� 																		(53) 

 
Here, we observe that this case also presents the 
description of the Universe, which starts from a 
non-singular state and expands till late times. Scale 
factor � is constant while the parameters �, G, 7, 6 
all are infinite at the initial time & = &S. The shear 

scalar H is constant at & = &S. For infinitely large &, 
scale factor � becomes infinitely large whereas the 
parameters �, G, 7, 6 and H vanish. Also, the 
cosmological term  Λ is infinite at the initial time 
while Λ → 0 as & → ∞, which agrees with many 
observations in cosmology. The value of 
deceleration parameter � shows a transition from 
initial decelerating to present accelerating phase 
and gives the fastest rate at which the Universe is 
expanding for large times. This is the future 
scenario as is observed by many noted authors. We 
also see that the Universe approaches isotropy for 
large & because '̅ → 0 as & → ∞.  

The equation of state parameter : is obtained 
as 
 

 

: = −1 + 4�(2�& + ��)��
 − 3(2�& + ��)�B − 23�
	
�O� �
�����

3(2�& + ��)�B − �
3 	�O� �
����� − �O a 12�& + �� − �
(2�& + ��)�
b

																													(54) 

 
This signifies that : depends on the cosmic time & 
and its value lies in the recent obsevational limits. 

Also, from equation (53), we note that Ω → 1 as & → ∞. This is in agreement with recent 
astronomical observations. 

4.     State-finder Parameters {d, e} 
State-finder parameters {�, �} play a significant 
role to describe the dynamics of the Universe in 
modern cosmological models. The dimensionless 
state-finder pair {�, �} is introduced by Sahni et al. 
[59] and Alam et al. [60] and provides a perfect 
diagnosis of how much a dark energy model is 
close to ΛCDM dynamics. In recent times, state-
finder parameters are frequently discussed for they 
provide a better idea about the geometry and 
become a powerful tool to distinguish between the 
dark energy models. The state-finder pair {�, �} is 
defined as 
 

	� = �g��
 = 1 + 3�=� + �!�� 																	(55) 
 
and 

	� = � − 1
3 h� − 12i

																										(56) 
 

For a ΛCDM model, state-finder parameters 
have the value {�, �}={1,0} . For Einstein era we 
have {�, �}={∞,−∞}.  

Now Eqns. (26), (29), (55) and (56) result into 
 

	� = 1 − 3�(1 − �)2�& + �� 																							(57) 
 
And 
 

	� = − 3�(1 − �)
(2�& + ��)j3� − 3�2�& + ��k					(58) 

 
We observe that as & → &S, {�, �} → {∞,−∞} and 
as & → ∞, {�, �} → {1,0}, which depicts that the 
Universe in the model starts from Einstein static 
era and goes to ΛCDM model. This is in agreement 
with recent observations [61] and makes our model 
observationally acceptable. 

5.     Concluding Remarks 

In the present paper, spatially homogeneous and 
totally anisotropic Bianchi type-I space-time is 
considered. We examined a cosmological scenario 
proposing a variation law in which the deceleration 
parameter � is assumed to be a simple linear 
function of Hubble’s parameter � i.e., � = −1 +
��, which yields scale factor � as � = 	
��
����� 
(where �, �� are constants). A class of solutions to 
Einstein field equations have been obtained by 
taking three phenomenological laws for the decay 
of cosmological term Λ as Λ~��, Λ~��� and Λ~  !

  (where ",# are arbitrary constants). We have 
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obtained cosmological models in which the 
Universe starts from a non-singular state and 
expands exponentially with cosmic time & till late 
times. The deceleration parameter � in the model is 
found to be time-dependent. It is seen that � shows 
a transition from initial decelerating phase to the 
present accelerating phase of expansion and 
supplies the largest value and the fastest rate at 
which the universe is expanding. Same is also 
observed by the researchers [62-63]. The 
cosmological term Λ approaches to zero as & tends 
to infinite also shown by recent observations [64-
65]. We also observe that the equation of state 
parameter : is a function of cosmic time & and its 
value in the model lies in the present observational 
limits. The anisotropy parameter '̅ converges to 
zero as & tends to infinite, which signifies that the 
Universe model attains isotropy for large	&. We 
also note that total density parameter Ω  approaches 
to 1 as & goes to infinity. This is consistent with 
recent theoretical and experimental observations 
[66-69]. Finally, we noticed from the state-finder 
parameters that the model universe starts from 
Einstein static era (� → ∞, � → −∞) and goes to ΛCDM model (� → 1, � → 0) [70]. Thus our model 
is in harmony with recent cosmological 
observations. 
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