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Exact SWave Solution of the Klein-Gordon Equation with the Deng-Fan Molecular
Potential using the Nikiforov-Uvarov (NU) Method

0. J. Oluwadare K. J. Oyewumi and O. A. Babalola,
Theoretical Physics Section, Physics Department, University of llorin, llorin, Kwara State, Nigeria

In this work, we solveéhe Klein-Gordon equation with equal scalar andaebeng-Fan molecular potentials. The exact
s-wave (1 = 0) solutions of the Klein-Gordon equation witjually mixed scalar and vector Deng-Fan molecutdermtials,
the normalized wave function and the correspondimgrgy equations are obtained by using the Nikifddwarov method.

1. Introduction

It is generally known in quantum mechanics that
when a particle is restricted within a potentiallyve
the particle can not only take on certain discrete
values of energy, but can also tunnel from the
potential well even if the spectrum of eigenvalues
E, is less than the potential energy. In this cdwe, t
bound state solution must be considered, leading to
guantum mechanical description of such a particle.

The presence of a particle in a strong potential
field necessitates a relativistic description oftsa
particle [1-3]. By considering the relativistic eas
we can describe the motion of such a particle eithe
by the Klein-Gordon equation or the Dirac equation
depending upon the spin character of the particle
[1,2,4,5,6-8].

Also, by assuming equal scalar and vector
potential and by using different methods such as
supersymmetry, asymptotic iteration method,
Nikiforov-Uvarov method, and other related
methods, the analytical solutions of the Klein-
Gordon equation and the Dirac equation with
various physical potentials have been studied by
various researchers [1-8,10,11,13-32]. In this work
our focus is to obtain the exact s-wave solutions o
the Klein-Gordon equation with equally mixed
scalar and vector Deng-Fan molecular potentials
using the Nikiforov-Uvarov approach.

The Deng-Fan molecular potential is a simple
modified Morse potential called the generalized
Morse potential, which was proposed by Deng and
Fan in 1957 [33] in an attempt to find a more
suitable diatomic potential to describe the
vibrational spectrum [34]. Although, this potential
is qualitatively similar to the Morse potential but
has correct asymptotic behaviour as the inter-
nuclear distance approaches to zero [32-40].
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The Deng-Fan potential model can be used to
describe the motion of nucleons in the mean field
produced by the interactions between nuclei [32-
40]. Approximatex-state solutions of the Dirac
equation for this potential under spin and
pseudospin symmetry conditions have been
obtained by using the Nikiforov-Uvarov method
[32]. This potential has been used to describe
diatomic  molecular energy spectra and
electromagnetic transitions, and it is an ideatrint
nuclear potential in diatomic molecules with the
same behaviour for —» 0 [36]. Rong et al. [35]
used this potential model to obtain the X-H
stretching motion in small molecules. Approximate
solutions of the Schrédinger equation with this
potential model have been obtained via the
standard method [37], and the supersymmetric
shape invariance formalism [38].

Furthermore, by using a proper approximation
scheme for the centrifugal term, Wei and Chen
have studiedl-wave continuum states of the
Schrédinger equation for the modified Morse
potential [39]. Relativistic treatment of spinless
particles subject to a rotating Deng-Fan oscillator
has been investigated by using the standard method
[2]. In this study, exact s-wave solutions of the
Klein-Gordon equation with equally mixed scalar
and vector Deng-Fan molecular potentials, the
normalized wave function and the corresponding
energy equations are obtained by using the
Nikiforov-Uvarov method.

This study is organized as follows. Section 2
contains the overview of the Nikiforov-Uvarov
method. In Section 3, the Klein-Gordon equation
with equally mixed scalar and vector Deng-Fan
molecular potentials is solved by using the
Nikiforov-Uvarov method. The relativistic energy
equations and the corresponding normalized wave
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functions are obtained and finally, the conclus®n
given in Section 4.

2. Overview of Nikiforov-Uvarov (NU)
M ethod

The Nikiforov-Uvarov method has been
successfully applied to relativistic and non-
relativistic quantum mechanical problems and other
field of studies as well [6-8,21,23,40-51]. The
method reduces the second order linear differential
equation to generalized equation of hypergeometric

type. With an appropriate  coordinate
transformations = s(r), the equation takes the
form
. 7(s) a(s)
Yi(s)+——=V¥ 1
(s) =) () o2() ®

Where,o(s) anda(s) are polynomials of at most
second degree andf(s) is a first degree
polynomial.

By taking the following factorization

¥(s) = P(s)y(s) )

Egn. (1) reduces to the hypergeometric type
equation of the form [48]
a(s)y'(s) + 7(s)y (s) + Ay(s) = 0 3)
Where,
(s) = 7(s) + 21(s) 4)

satisfies the condition'(s) < 0 , which will have a
negative derivative and is related to the function
1(s) by [35]

d
n(s) = 0(s) - §(s)] )
The parametex is defined by

: nn-1 ,
A=A, =-nt(s)— — |
n=0,1,2,..) (6)

The energy eigenvalues can be calculated from
Egn. (6). In order to calculate the energy
eigenvalues, we need first to determinby using
the first derivative ofi(s) and defining

K=1-1(s) @)
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By solving the resulting quadratic equation #¢s),
we obtain the following expression

o -7 o —7\°
NENC

> —G+ko (8)

Here, m(s) is a polynomial with the parameter s
and the prime denote the first derivative of the
functionso(s) and 1t(s), respectively. The
determination of k is the essential point in the
calculation of m(s) and it can be obtained by
setting the discriminant of the square root to zero
[48]. The wave function in relation (2) satisfid®t
condition

(s)

$'(s) n(s)
T a(s)

¢(s)

©)

and can be determined by using the Rodrigues’
relation. The polynomial solutiong,(s) are given

by

yn(s) = p(s)dsn

[o™(s)p(s)] (10)

Where, B, is a normalization constant and the
weight functionp(s) satisfies the following relation

d
25 0@P)] = 2()p(s) (1D

3. Exact SWave Solutions of the Klein-
Gordon Equation

The time-independent relativistic radial Klein-
Gordon equation with the equally mixed scalar S(r)
and vector V(r) potentials is written for a spimae
particle in the natural unit$ =c =1, as [1-3,8-
10,13,15,18,31]

dan(r)
dr?

+[E-V(E)? = M +ST)*IR,(r) =0
(12)

Where,E andM are the relativistic energy and the
rest mass of the spin-zero particle, respectiaiyg,
Yo (r) = R, (r)/r is the radial wave function.

The equal scalar and vector Deng-Fan
molecular potentialéS(r) = V(r)) for a diatomic
molecules was proposed by Deng and Fan in 1957
as [33]



The African Review of Physics (2012)0016

b 2

b =e%e—1, V[0, ] (13)

whereD,, v, anda are three parameters denoting
the dissociation energy, the equilibrium inter-
nuclear distance and the range of the potentid| wel

d*R, (1)
dr?

Taking a transformation equation of the fosm=
e~ %, then Eqgn. (14) reduces to

d2R,(s)
ds? s(1—-s) ds

1—5 dR,(s) 1
s2(1 —s)?

Where, we have used the following dimensional
parameters

E* - M?
2 _ 2
= B

2(E + M)D,
T e

and —&2=¢g2-p2 (16)
In order to solve Eqgn. (16) by using the Nikiforov-
Uvarov (NU) method, we compare it with Eqn. (1)
and obtain the following polynomials:
7(s) =1—s,0(s) =s(1—5), 0%(s) = s2(1 —5)?
(17)
a(s) = —(e2+ (2+ b)B?b)s? + 2(B%b + £2)s — &2

Using the following substitutions:

A=¢e2+ (2+b)B*b, B=2(B%*h +¢2), C=¢?
(18)

Then, we have
a(s)=—-As*+Bs—C (19)

Substituting these polynomials into Eqn. (8), we
obtain the following

n(s) = —%i % [(wll +4B%b? + Zé‘n) s— 2£n]
(20)

+ |2 = m») — 26 + M)D, (1 -
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respectively, ana is the position of minimun.
It is worth noting that this molecular potentialsha
the correct physical boundary conditionsrat 0
andr = o .

In the case of equal scalar and vector Deng-Fan
molecular potential V(r) = S(r), the relativistic
radial Klein-Gordon equation becomes

—ar

1—e @

-) ]Rn(r) =0 (14)

[—(ef + (2 + b)B?b)s* + (2(B*b + €7) —¥)s — €5]Ry(s) = 0

(15)

k = 2B2b + £,3/1 + 4B2b2 (1)

For polynomiak(s) = 7(s) + 2r(s) with negative
derivative, we select

1
(s) = _%_ . [(ﬂ/1 T 4B2h% + 25n) s— an]
and k =2B%b — g,/ 1+ 4B2b2

If combined this withA = k + " defined in Eqgn.
(7), the above expression gives

1
7(s) =1+25n—2<1+en+§ 1+4,82b2)s
(22)

and

A =2B%b —g,4/1 + 452%b2
_i 1,/1 +482%b% — &, (23)
2 2 n
With Eqn. (6), we have

1
A=/1n=2n(1+sn+§ 1+4ﬁ2b2)+n2—n
(24)

By using the condition that = 4,, in Eqgns. (23)
and (24), we obtain the eigenvalues as
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(2 +b)B*b

gn
2n+1+/1+4Ww
2n+1+[1+4§w

4

(25)

From Eqgns. (16) and (25), we obtain the energy
eigenvalues as:

E2—M? =2(E + M)D,

., (2+b)(}i;rM)Deb ~ n+n 2
n+n 2
(26)

d
Yn(s) =~ S_an(l - S)_(Zn_l) W [Sn+25n(1 — S)‘rl+277—1]

Eqgn. (29) may be expressed in terms of Jacobi

polynomials [52] as
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Where,n is the principal quantum number and

1
n=-|[1+

8(E + M)D,b2
. j1 = @)

Since the polynomial solutions of the
hypergeometric function y(s) depend on the
determination of the weight functiop(s), which
satisfies the differential equation, Eqn. (11). $hu
p(s) is obtained as

p(s) = s¥n(1 —s)1* (28)
Substituting Eqn. (28) into the Rodrigue’s relation
given in Eqgn. (10), we obtain

n

(29)

The Jacobi ponnomi&?;f“'B) is given by [52]

y,(s) = pen 2171 () (30)
P,Ea'ﬁ)(s) = % Fi(—n, n+a+ B+ La+1ia-9) (31
Hence, Eqn. (30) may be expressed in form of
hypergeometric representation of  Jacobi
polynomials as:
piem 217D (s) = E2n o (—nyn + 2(e, + ) 26 + 1 22 (32)
Where, (2¢, + 1),, is the Pochhammer symbol ¢(s) = st (1 — s)" (33)

[52].
Solving for ¢(s) using n(s) ando(s) in the
expression given in Egn. (9), we have

R,(s) = Nn(zgr;—Tl)ne“gnar(l —e )1 ,F; (—n,n + 2(e, +1); 26, + 1; l_e_ar)

Where,N,, is the normalization constant and which
is obtained as

1 ag,(n+ e, +NIr(n+2¢&, + DIr(n+ 2¢, + 21n)

Hence, using Egns. (32) and (33) in Eqn. (2), we
obtain the non-normalized radial wave functions as

. (34)

N. =
" T(2e,+1)

2(n+n)

1/2
n!'I'(n+2n) ] (35)
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4. Conclusion

In this work, we have studied the exact s-wave
analytical solutions of the Klein-Gordon equation
with equally mixed scalar and vector Deng-Fan
molecular potentials by using the Nikiforov-
Uvarov (NU) method. The exact analytical bound
state energy eigenvalues and the corresponding
normalized wave functions have been obtained. By
extension, the Schroédinger equation with the
arbitrary angular momentum values for this
potential can be solved by this method. The
resulting solutions can be used to study the
spectroscopy of some selected diatomic molecules.
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