The African Review of Physics (2012)0054 467
Bianchi Type- 11, VIl and I X Dark Energy Cosmological Models
in Saez-Ballester Theory of Gravitation
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Spatially homogeneous Bianchi type - I, VIII & IXatk energy anisotropic as well as isotropic cosgicll models

with variable equation of state (EoS) parameterpaesented in a scalar tensor theory of gravitapimposed by Saez and
Ballester (1986) To get a determinate solution @f fileld equations we take the help of a special ¢tdwariation for
Hubble’'s parameter presented by Bermann (1983) whikeld cosmological models with negative constaetederation
parameter. Some important features of the moduls, dbtained, have been discussed.

1. Introduction

Scalar-Tensor theories of gravitation are consitlere
to be essential to describe the gravitational
interactions near the Planck scale string theory,
extended inflations and many higher order theories
implying scalar field. Saez and Ballester [1]
formulated a scalar-tensor theory of gravitation in
which the metric is coupled with a dimensionless
scalar field in a simple manner. This coupling give
a satisfactory description of weak fields. In spgife
the dimensionless character of the scalar field an
antigravity regime appears. This theory also
suggests a possible way to solve missing matter
problem in non flat FRW cosmologies.

The field equations of the Saez-Ballester scalar
tensor theory are

N 1 ‘
G, -~y [w,ico,,- -Egij%cﬂkj?&fﬂj @)

and the scalar fielg satisfies the equation
20°¢. + mg" g 9" =0 @

Where, G, = R, 1 Rg, is an Einstein tensorRR
2

the scalar curvaturez and m are constantsT; is

the stress energy tensor of the matter. The equatio
of motion is

Tij,j =0 (3)
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The study of cosmological models in the
framework of scalar-tensor theories has been the
active area of research for the last few decadtes. |
particular, Singh and Agrawal [3], Shri Ram and
Tiwari [4], Reddy and Naidu [5] and Rao et al. [6]
are some of the authors who have investigated
several aspects of the cosmological models in the
Saez-Ballester scalar-tensor theory.

Recently, there has been considerable interest in
cosmological models with dark energy in General
Relativity because of the fact that our universe is
currently undergoing an accelerated expansion,
which has been confirmed by a host of
observations, such as type la supernovae [7,8,9].
Based on these observations, cosmologists have
accepted the idea of dark energy, which is a fluid
with negative presence making up around 70% of
the present universe energy content to be
responsible for this acceleration due to repulsive
gravitation. Cosmologists have proposed many
candidates for dark energy to fit the current
observations such as cosmological constant,
tachyon, quintessence, phantom and so on. Current
studies to extract the properties of a dark energy
component of the Universe from observational data
focus on the determination of its equation of state
w(t), which is the ratio of the dark energy’s

pressure to its energy densitw(t):% and

which is not necessarily constant. The methods for
restoration of the quantityy(t) from expressional

data have been developed [10], and an analysis of
the experimental data has been conducted to
determine this parameter as a function of
cosmological time [11]. Recently, the parameter
w(t) has been calculated with some reasoning that
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reduced to some simple parameterization of the
dependences by some authors [12,13,14,15,16,17].
The simplest dark energy candidate is the vacuum
energy (w=-1), which is mathematically

equivalent to the cosmological constaift) . The

other conventional alternatives, which can be
described by minimally coupled scalar fields, are
quintessencgw > -1) , phantom energyw< -1)

and quintom (that can cross from phantom region
to quintessence region as evolved) and have time
dependent EoS parameter. Due to lack of
observational evidence in making a distinction
between constant and variable, usually the
equation of state parameter is considered as a
constant [18,19] with phase wise value, 811 /3
and +1 for vacuum fluid, dust fluid, radiation and
stiff dominated universe, respectivel\But in
general,wis a function of time or redshift [20,21].
For instance, quintessence models involving
scalar fields give rise to time dependent EoS
parameter w [22,23,24]. Ray et al. [25], Yadav

and Yadav [26], Kumar [27] and Pradhan et al. [28]
are some of the authors who have investigated dark
energy models in general relativity with variable
EoS parameter in different contexts.

Bianchi type space-times play a vital role in
understanding and description of the early stafies o
evolution of the universe. In particular, the stud
of Bianchi type - II, VIII & IX universes are
important because familiar solutions like FRW
universe with positive curvature, the de Sitter
universe, the Taub-Nut solutions etc. correspond of
Bianchi type - II, VIII & IX space-times. Also Rao
and Sanyasi Raju [29] and Sanyasi Raju and Rao
[30] have studied Bianchi type - VIII and IX
models in Zero mass scalar fields and self creation
cosmology. Rao et al. [31,32,33], have studied
Bianchi type - II, VIII & I1X various cosmological
models in different theories of gravitation. Rao et
al. [34] have studied Bianchi type - | dark energy
model in the Saez-Ballester scalar tensor theory of
gravitation. Naidu et al. [35] have obtained LRS
Bianchi type - Il dark energy model in a scalar
tensor theory of gravitation. Rao and Sreedevi
Kumari [36] have discussed a cosmological model
with negative constant deceleration parameter in a
general scalar tensor theory of gravitation.
Recently, Rao et al. [37] have discussed LRS
Bianchi type - | dark energy cosmological model in
the Brans-Dicke [38] theory of gravitation.

In this paper, we will discuss Bianchi types II,
VIII & IX dark energy models with variable EoS
parameter in a scalar tensor theory of gravitation
proposed by [1] to understand more physical
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aspects, especially the effects of the dark engrgy
the universe.

2. Metric and Energy M omentum Tensor

We consider a spatially homogeneous Bianchi type
- Il, VIII & IX metrics of the form

ds? = dt? — R*[d@” + £ *(6)dg?]?

- S°[dg +h(6)dg] 4)

Where, (9,40, ¢) are the Eulerian angles, R and S

are functions of t only.
It represents

Bianchi type-Il iff (d) =1 and h(8) =6
Bianchi type-vill if f(fd)=coshd and
h(6) = sinhé

Bianchi type-IX if f(8)=sinf and
h(6) = cosd

The energy-momentum tensor of the fluid is
T = diagT}, T2, T2,T/] ®)
We can parameterize this as follows,

T =diag[-p,,~P,,~ P, O]
= dlag[_wx ’_Wy ’_Wz 71] p (6)
=diag[-(w+ y),~(W+y),-w1] o

Where, p is the energy density of the fluidy, ,
p, and p, are the pressures avd,, w, and w,
are the directional EoS parameters along xhg

and axes, respectively(t) = % is the deviation

free Eo0S parameter of the fluid. We have
parameterized the deviation from isotropy by
setting w, =w and then introducing skewness

parametery , which is the deviation fronw along
both x and y axes.

3. Solutionsof Field Equations

Now with the help of Egns. (5) and (6), the field
equations, Eqn. (1) for the metric given in Eqn. (4
can be written as
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R S RS S w .-
—+—=+—+ -= =-8 +
R S RS 4R* 2 ¢m¢2 W+ y)p
(7)
R R+ 6 3S2
22—+ -2 = -87m, 8
ct TR TuR cd“qf [N (:)
RS R+ o S2 L
2—+— 8
et TR IR g'¢ =8mp )
(pﬂ{ } mR=0 (10)

p+2§<w+y+1)p+§<w+1)p=o (11)

Here, the overhead dot denotes differentiation with
respect to ‘t’.

When 6 =0,-1& +1, the field equations, Eqns.
(7) to (11), correspond to the Bianchi types - II,
VIII & IX universes, respectively.

The field equations, Eqgns. (7) to (11), are only
four independent equations with six unknowns
R,S,po,w,y& ¢, which are functions of ‘t"Two
additional constraints are required to obtain exipli
solutions of these field equations.

We solve the above set of highly non-linear
equations with the help of special law of variation
of Hubble's parameter proposed by [2], which
yields constant deceleration parameter of the
models of the universe. We consider the constant
deceleration parameter of the model defined by

ad
= a'Z = (12)

Where, a:(RZS‘(H))% is the overall scale factor.

Here the constant is taken as negative so that it

represents an accelerating model of the universe.
From Eqgn. (12), we get

a= (RS (@) =(ct+c)™  (3)

Where, ¢, #0 and C, are constants of
integration. This equation implies that the cormiti
of expansion isl+q >0,

To get the deterministic solution, it has been
assumed that the expansiah in the model is
proportional to the shear scalar. This condition
leads to
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S=R’ (14)
Where, n is an arbitrary constant.
From Eqgns. (13) and (14), we get
1 ,
n+2
" (%] (Gt+c,) "™ (15)
_n_ .
+2 n
>* (%jn (ct+c) ™™ (16)
From Eqgns. (10), (15) and (16), we get
m+2 9-2 2
gz =M*2( 6 AD ¢ giicy®ac | gr2
2 ¢, (0-2)
7

Where, c, andc, are constants of integration.

3.1. Bianchi type- Il (4=0) cosmological

model

From Eqgns. (9) and (15) -
density p as

(17), we get the energy

_(__9@n+1) ¢
l@+g(n+2)? )(ct+c)’
1

6(2-n)
4(Clt + Cz) %1’“(1)(”’“2)

2
. ax,

. (n+2)#0
2ct+c,) 9

(18)

From Eqgns. (8) and (15)
parameterWW as

1 |[6@+q)(n+2)-27 ¢’
“emp|l @+9)(n+2)° (ct+c,)?

2

- (17), we get the EoS

3 arc,
+ +

6(2-n) 6
4ct+c,) D 2(c,t+ CZ)%:H-Q)
(19)

From Eqn. (7) and Eqgns. (15) -
skewness parametgr as

(17), we get the
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V:%

The metric (4), in this case can be written as

Thus Egn. (21) together with Eqgns. (18), (19) and
(20) constitutes a Bianchi type-ll dark energy
model with variable EoS parameter in a scalar
tensor theory of gravitation proposed by [1], which
is almost similar to the model obtained [34].
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1 (S(q—Z)(n—l)j o 1 (20)
2 2 6(2-
o' erd)etrer g
6 6n
ds’ = dt” - (¢t +¢,) ®? (d6” + de? )~ (ct +¢,) * (dg + &g’ (21)
[(6@+qn+2)-27) ¢’
@+g)*(n+2)°* )(ct+c,)’?
(coshG)%HZ)
6
NRCE o) @002 (23)

3.2.  Bianchi type-VIIl (d=-1) cosmological
model

From Eqn. (9) and Egns. (15) - (17), we get the
energy densityp as

= ( 9(@n+1) J o' (coshg)r)
@+ q)2 (n+ 2)2 (clt + cz)z (Clt . Cz)%1+q)(n+2)

22~
(coshé?)( r%mz)
6 3
4ct+c,) a2 2(clt+cz)%1+q)
(22)

. ax,’ (coshg)’

From Eqn. (8) and Eqgns. (15) - (17), we get the
EoS parameteW as

—2_ : 2n n
ds? = dt? - (sech&)n+2(ct +¢,) 93 (d6” + cosk lg?) - (sech@)n+2(ct +c,) * ™2 (dg +sinhAg)’

Thus Egn. (25) together with Eqgns. (22), (23) and
(24) constitutes a Bianchi type-VIIl dark energy
model with variable EoS parameter in a scalar
tensor theory of gravitation proposed by [1].

3.3.  Bianchi type-1X (5=1) cosmological
model

From Eqn. (9) and Egns. (15) - (17), we get the
energy densityp as

8mp . 3(cosh9)2(2_r%1+2)

6(2-n)
4ct+c,) %1"’(1)(“‘*2)

N ax,’ (cosh)’

6
| 2ct+c) @9

From Eqn. (7) and Egns. (15) - (17), we get the
skewness parametgr as

_ 1 [(%a-29(n-D) ¢’
"o arar(1+2) ) ct+c,)’

(cosh@)%ﬂﬂ) _ (cosh@)z(z_r%MZ)
6 6(2-
ey E0mD e
(24)

The metric (4), in this case can be written as

6

(25)
7217:[ 9(2n+1) J ¢’ (sin@)%nﬂ)
G+ )Eetre) L )

(sing) 22 ) ax;’ (sing)’
- 5
4ct+c,) o 2(ct+c, )%ﬂq)
(26)

From Eqn. (8) and Egns. (15) - (17), we get the
EoS parametew as
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( 6(L+q)(n+ 2)- 27] c’
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From Eqn. (7) and Egns. (15) - (17), we get the
skewness parametgr as

@+a)’(n+2)* J(ct+c,)’
(sinB)%HZ)
Sanea)
w=_t_ etre) 2(2-n) 7)
8P| | dsin®) %n+2)
62
4ct+c,) ( %+Q)(n+2)
L G5 (sinﬁ)
| 2atec) @9 ]
2(2-n
1 |(3g-2(n-1) ¢’ (sing)’+2  (sing) w2 )8
y—% @+q)*(n+2) ) (ct+c,)* Slra)(n+2) 6(2_%+ )(n+2) @9
(ct+c,) (ct+c) q
The metric (4), in this case can be written as
2 s 2n o "
ds’ = dt? - (cosec@)n+2 (Gt +c,) “? (de +sin? 6b|¢f)— (cosec@)n+2(ct +c,) =2 (dg + cosd )
(29)
Thus Eqn. (29) together with Eqns. (26), (27) and R 3c,
(28) constitutes a Bianchi type - IX dark energy H, "R @+qn+2)(ct+c)’
model with variable EoS parameter in a scalar . S
tensor theory of gravitation proposed by [1]. H _S_ 3nc,
© S (@+g)(n+2)(ct+c,)

4. Physical and Geometrical Properties

Thespatial volume for the models is

1
V = (—g)E = (Clt + 02)%1+q) (30)

sincea=(R*Y (6’))% , which is the average scale

factor.
The expression for expansion scalaf
calculated for the flow vectoyi, is given by

S S (31)
@+ag)ct+c,)

and the sheao is given by

o2=1 i, = 0 (32

2 ij 20+ (ct+c,)’

The components of Hubble parameter&H, are
given by

Therefore, the generalized mean Hubble parameter
(H) is

H)=—2——  (33)

H :5(2H1+ =
3 d+a)(ct+c,)

The average anisotropy parameter are defined by

_I(AH ) _2(n-1)°
A“_3;[ H j (n+2)? (34)

Where,AH, =H, -H (i=123).

5. Conclusions

In this paper, we have presented spatially
homogeneous and anisotropic Bianchi type - II,
VIII & IX dark energy models with variable
EoS parameter in a scalar tensor theory of
gravitation proposed by [1]The power law
solution represents a non singular model where
the spatial scale factors and volume vanish at
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-C
t =—=%. We observe that all the models have
C

1

L . -C,
no initial singularity att =

and the spatial

1

volume is increasing as time increases, i.e.,
all the three models are expanding. The Hubble
parameter is zero as approaches to infinity.
The scalar expansiofl and the shear scalar’
tend to infinity att =0, while they become zero
ast -, «. Since the mean anisotropy parameter
A, #0, the models are anisotropic forz1.

If n=1and A,=0, then the models will
become isotropic. Also, sincd+q>0, the

models represent accelerating universe.
Therefore, it follows that our dark energy

models in the Saez-Ballester theory is consistent
with the recent observations of Type - la

supernovae [7,8].

Finally, we can conclude thatiomodels are
accelerating, more general and represent not
only the early stages of evolution but also the
present stage of the universe.
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