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The Study of Bonnor Spacetime Via Gravitoelectromagnetism Approach
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The exact solutions of the Einstein field equations for the Bonnor spacetime via the gravitoelectromagnetism

formalism are studied when the source of gravitational field is a perfect fluid.

1. Introduction

It is well known [1], the theory of general rel-
ativity discussed the motion of Mercury perihe-
lion in terms of a relativistic gravitoelectric field
correction to the Newtonian gravitational poten-
tial of the Sun and also it contains a gravitomag-
netic field due to proper rotation of the Sun. This
field influences planetary orbits [2]. The theory of
gravitoelectromagnetism2 that assumes a perfect
isomorphism between gravitation and electromag-
netism has been established by Heaviside [5] and
Jefimenko [6]. The gravitoelectromagnetism has
been discussed by a number of authors [7]. In the
same way that a magnetic field is created when a
charged object rotates, a gravitomagnetic field is
created when a massive body rotates but this ef-
fect is too small. To detect it, it is necessary to
examine a very massive object or build an instru-
ment that is very sensitive. The gravitomagnetic
field of the Earth can be measured by studying
the motion of satellites LAGEOS3 [8]. The LA-
GEOS measured the frame-dragging of the Earth
to be 99% of the value predicted by general rel-
ativity. The theory of general relativity predicts
that the rotating bodies drag spacetime around
themselves in a phenomenon referred to as frame-
dragging. The rotational frame-dragging effect was
first derived from the theory of general relativity
in 1918 by Josef Lense and Hans Thirring and is
also known as the Lense-Thirring effect [2]. In
2004, Gravity Probe B [9] launched by Stanford
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2 The gravitoelectric and gravitomagnetic fields are so-

called the gravitoelectromagnetism fields [3,4].
3 LAGEOS (Laser Geodynamics Satellites) are a series of

satellites designed to provide an orbiting laser ranging
benchmark for geodynamical studies of the Earth.

physicists to measure the gravitomagnetism on a
gyroscope in outer space with much greater pre-
cision. The data analysis of the Gravity Probe B
mission is still ongoing [10]. At this time, the mea-
surement of gravitomagnetism via superconduct-
ing gyroscopes in a satellite about the Earth is one
of the aims of NASA. In this work, we rewrite the
Einstein field equations in terms of gravitoelectro-
magnetism fields in threading formalism and then
we solve these equations for the Bonnor metric.

2. Time Dependent Quasi-Maxwell Equations

The slicing and threading points of view were
introduced respectively by Misner, Thorne and
Wheeler [11] in 1973 and, Landau and Lifshitz [12]
in 1975. Both points of view can be traced back
when the Landau and Lifshitz [13] in 1941 intro-
duced the threading point of view for splitting of
the spacetime metric. After them, Lichnerowicz
[14] introduced the beginnings of the slicing point
of view. In 1956, Zel’manov [15] discussed the
splitting of Einstein field equations in the general
case. The slicing point of view is commonly re-
ferred as 3+1 or ADM formalism and also term
1+3 formalism has been suggested for the thread-
ing point of view. For more details about these
formalisms, see reference [16]. In threading point
of view, splitting of spacetime is introduced by a
family of timelike congruences with unit tangent
vector field, may be interpreted as the world-lines
of a family of observers, and it defines a local time
direction plus a local space through its orthogonal
subspace in the tangent space. Let4 (M, gαβ) be a
4-dim manifold of a stationary spacetime. We now
can construct a 3-dim orbit manifold as M̄ = M

G
with projected metric tensor γij by the smooth

4 The Greek indices run from 0 to 3 while the Latin indices
take the values 1 to 3.
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map ζ : M → M̄ where ζ(p) denotes the orbit of
the timelike Killing vector ∂

∂t at the point p ∈ M
and G is 1-dim group of transformations gener-
ated by the timelike Killing vector of the spacetime
under consideration [16,17]. This splitting of the
spacetime leads to the following distance element
[12,17]:

ds2 = gαβdx
αdxβ = h(dt−gidx

i)2−γijdxidxj (1)

Where, xi are local coordinates and γij = −gij +

hgigj in which gi = −g0i
h

and h = g00. It

is interesting to rewrite the Einstein field equa-
tions in terms of gravitoelectromagnetism fields
in γ-space5 with time dependent metric γij .
Hence, the field equations can be written as the
time dependent quasi-Maxwell (abbreviated TQM)
equations6, [15,19]:

∗∇ · ∗E = ∗E2 +
1

2
∗B2 −

∗∂D

∂t
− d− 1

2
(ζ + U) (2)

∗∇× ∗B = 2(∗S + ∗M− jm) (3)

∗Kij = −∗∇(i
∗Ej) + ∗Ei

∗Ej +
1

2
(∗Bi

∗Bj − γij∗B2)

+ 2DikDk
j −DDij +

√
γ εnk(iD

n
j)
∗Bk

−
∗∂Dij

∂t
+ Uij +

1

2
γij(ζ −U) (4)

Where, ζ = T00

h is the density of the moving

substance, jim =
Ti

0√
h

is the momentum density,

Uij = Tij is 3-dimensional kinematic stress tensors

and U = Ui
i, whereas Tµν is the energy-momentum

tensor. Also, deformation rates of the reference
frame with respect to the observer are represented
by the following tensors

Dij =
1

2

∗∂γij
∂t

, Dij = −1

2

∗∂γij

∂t

D = γijDij =
∗∂ ln

√
γ

∂t
(5)

5 The quotient space obtained by quotienting spacetime by
the action of the stationary isometry and it represents the
collection of the orbits of the Killing vectors, [18].

6 The symbols () and [ ] represent the commutation and
anticommutation over indices, gravitational units with
c=G=1 are used and the 3-dim Levi-Civita tensor εijk
is antisymmetric under interchange of any pair of indices
such that ε123 = ε123 = 1 [12]. Also, we note that
∗E2

g = γij ∗Egi∗Egj .

Where,
∗∂
∂t =

1√
h

∂

∂t
and γ = det(γij). In TQM

equations, d = DijD
ij and time dependent grav-

itoelectromagnetism fields are defined in terms of
gravoelectric potential φ = ln

√
h and gravomag-

netic vector potential g = (g1, g2, g3) as follows7

∗E = −∗∇φ− ∂g

∂t
; ∗Ei = −φ∗i −

∂gi
∂t

(6)

∗B√
h

= ∗∇× g ;
∗Bi√
h

=
εijk

2
√
γ

g[k∗j] (7)

In Eqn. (4), ∗Kij is 3-dimensional starry Ricci ten-
sor constructed from 3-dim starry Christoffel sym-
bols as ∗Kij = ∗λkij∗k−∗λkik∗j+∗λnij

∗λkkn−∗λnik∗λknj
where ∗λijk = 1

2γ
il(γjl∗k+γkl∗j−γjk∗l) and also the

starry covariant derivatives of an arbitrary 3-vector
and a tensor are given by ∗∇jAi = Ai∗j − ∗λkijAk

and ∗∇kTij = Tij∗k + ∗λinkTjn + ∗λjnkTin. Fi-
nally, the vectors ∗S = ∗E × ∗B and ∗M have

components as ∗Si = εijk√
γ
∗Ej
∗Bk and ∗Mi =

−∗∇jDij+∗∂iD. For more details about the appli-
cation of gravitoelectromagnetism fields, see refer-
ences [19,20].

3. Exact Solutions of the Bonnor Metric

We assume that the spacetime metric is of the Bon-
nor form and in the cylindrical coordinates it has
the following line element, [21].

ds2 = r2m
2

G2(dt2 − dr2)− r2G2dφ2 −G−2dz2 (8)

Where, G is an unknown function of r and m is
a constant. Firstly, it is easy to check that all
components of gravitoelectromagnetism fields are
vanish, except

∗Eg1 = − G′

G
− m2

r
(9)

Where, the over head prime indicate the partial
differentiation with respect to r. For later use, we
will need the following relation

∗∇ · ∗E = r−2m
2

G−2

(
− G′′

G
+ 2

(
G′

G

)2

+
2m2 − 1

r

G′

G
+
m4

r2

)
(10)

7 Note that divergence and curl of an arbitrary vector in
γ-space are defined by ∗∇·A = 1√

γ
(
√
γAi)∗i and (∗∇×

A)i ε
ijk

2
√
γ

A[k∗j] while ∗i = ∗∂i = ∂i + gi
∂
∂t

.
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Also, after some work, we can obtain

∗λ111 =
G′

G
+
m2

r

∗λ122 = −r−2m
2+1(1 + r

G′

G
)

∗λ133 = r−2m
2 G′

G5 (11)

∗λ212 =
G′

G
+

1

r

∗λ313 = − G′

G

and other symbols not listed above are zero. Ap-
plying these symbols again, we can derive the fol-
lowing expression

∗Kij =



−2(
G′

G
)2 − 1

r

G′

G
+
m2

r2
i, j = 1,

r−2m
2+2(− G′′

G
+ 2(

G′

G
)2

+
m2

r

G′

G
+
m2

r2
) i, j = 2,

r−2m
2

G−4(
G′′

G
− 2(

G′

G
)2

+
1−m2

r

G′

G
) i, j = 3,

0 otherwise

(12)

In this analysis, we assume that the matter content
is a perfect fluid, i.e.,

Tµν = (ρ+ p)uµuν − pgµν (13)

Where, ρ, p and uµ are respectively the matter
density, isotropic pressure and four velocity vector
of the matter distribution with co-moving coordi-
nates as uµ = (1, 0, 0, 0). At this stage, it is clear
that the equation (3) is trivial. If we substitute
Eqns. (10), (12) and (13) into the field equations
(2) and (4), which then leads to the following equa-
tions, respectively.

G′′

G
− (

G′

G
)2 +

1

r

G′

G

−ρ+ p(1 + 2r2m
2

G2)

2
= 0 (14)

G′′

G
+ (

G′

G
)2 +

1

r

G′

G

−2m2

r2
+
ρ+ p(1− 2r2m

2

G2)

2
= 0

(15)

G′′

G
− (

G′

G
)2 +

1

r

G′

G

+
ρ+ p(1− 2r2m

2

G2)

2
= 0 (16)

G′′

G
− (

G′

G
)2 +

1

r

G′

G

−ρ+ p(1− 2r2m
2

G2)

2
= 0 (17)

Where, the quantities ρ and p depend on r. A
comparison of Eqns. (16) and (17) yields

G′′

G
− (

G′

G
)2 +

1

r

G′

G
= 0 (18)

The solution of this equation is

G = arn (19)

Where, a and n are constants. Also, from Eqns.
(14), (16) and (17), we can conclude

ρ = p = 0 (20)

which is equivalent to the vacuum solution. Fi-
nally, if we substitute Eqns. (19), (20) into Eqn.
(15), we obtain the following result

m = ±n (21)

Acknowledgments

Financial support was supplied in part by the Is-
lamic Azad University-Kashan Branch.

References

[1] A. Einstein, The Meaning of Relativ-
ity (Princeton University Press, Princeton,
1950).



The African Review of Physics (2013) 8:0029 194

[2] H. Thirring, Phys. Z. 19, 33 (1918) and 22,
29 (1921);
J. Lense and H. Thirring, Phys. Z. 19, 156
(1918);
B. Mashhoon, F. W. Hehl and D. S. Theiss,
Gen. Rel. Grav. 16, 711 (1984).

[3] R. T. Jantzen, P. Carini and D. Bini, Ann.
Phys. 215, 1 (1992).

[4] http://www.homepage.villanova.edu/robert.
jantzen/gem.

[5] O. Heaviside, “A gravitational and electro-
magnetic analogy”, Part I. sl: The Electri-
cian (1893).

[6] O. Jefimenko, “Causality, electromagnetic
induction, and gravitation”, sl: Electret Sci-
entific (1992).

[7] B. Mashhoon, “Gravitoelectromagnetism: A
brief review”, 2008, arXiv:grqc/0311030v2.

[8] I. Ciufolini, Phys. Rev. Lett. 56, 278 (1986);
I. Ciufolini and J. Wheeler, Gravitation and
Inertia (Princeton University Press, Prince-
ton, 1995); Class. Quantum Grav. 17, 2369
(2000);
I. Ciufolini and E. C. Pavlis, Nature 431,
9580 (2004).

[9] Gravity Probe B update at:
http://einstein.stanford.edu.

[10] C. W. F. Everitt et al., Space. Sci. Rev.
148, 53 (2009).

[11] C. W. Misner, K. S. Thorne and J. A.
Wheeler, Gravitation (W. H. Freeman and
Company, San Francisco, 1973).

[12] L. D. Landau and E. M. Lifishitz, The Clas-
sical Theory of Fields (Pergamon Press, New
York, 1975).

[13] L. D. Landau and E. M. Lifishitz, Teoriya
Polya (Nauka, Moscow, 1941).

[14] A. Lichnerowicz, J. Math. Pure. Appl. 23,
37 (1944).

[15] A. Zel’manov, Soviet. Phys. Doklady 1, 227
(1956); Chronometric Invariants (American
Research Press, New Mexico, 2006).

[16] R. Jantzen and P. Carini, “Understanding
spacetime splittings and their relationships
in classical mechanics and relativity: Rela-
tionship and consistency”, Ed. by G. Fer-
rarese, Bibliopolis, Naples 185 (1991).

[17] S. Boersma and T. Dray, Gen. Rel. Grav.
27, 319 (1995).

[18] R. Beig and B. G. Schmidt, Lect. Notes
Phys. Vol. 540, 325 (2000).

[19] M. Yavari, Il Nuovo Cimento B 124, 197
(2009).

[20] M. Yavari, Int. J. Theor. Phys. 48, 3169
(2009).

[21] H. Stephani, D. Kramer, M. A. H. MacCal-
lum, C. Hoenselaers and E. Herlt, Exact So-
lutions of Einstein’s Field Equations (Cam-
bridge University Press, Cambridge, 2003).

Received: 5 January, 2013
Accepted: 10 May, 2013


